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LOCAL CONDITIONS FOR GLOBAL REPRESENTATIONS OF
QUADRATIC FORMS
RAINER SCHULZE-PILLOT
Abstract. We show that the theorem of Ellenberg and Venkatesh on rep-
resentation of integral quadratic forms by integral positive definite quadratic
forms is valid under weaker conditions on the represented form.
In the article [5] Ellenberg and Venkatesh prove that for any integral positive definite
quadratic form f in n variables there is a constant C(f) such that integral quadratic
forms g of square free discriminant in m ≤ n − 5 variables with minimum µ(g) >
C(f) are represented by f if and only if they are represented by f locally everywhere,
i.e., over R and over all p-adic integers. If one fixes an odd prime p not dividing
the discriminant of f one can find a constant C′(f, p) such that representability
is even guaranteed for g of rank m ≤ n − 3 with µ(g) > C′(f, p), provided the
discriminant of g is further restricted to be prime to p. It is mentioned in [5] that
I have suggested to replace the condition of square free discriminant on g by a
weaker condition. This suggestion is worked out here. Combining our version of
the result of [5] with results of Kitaoka we also obtain some new cases in which
with a suitable fixed prime q the only condition on g (apart from µ(g) > C(f, q)
and representability of g by f locally everywhere) is bounded divisibility of the
discriminant of g by q. Moreover, results on extensions of representations as given
in [1, 2] can be obtained with new dimension bounds. We take the occasion to
reformulate some of the proofs of [5] in a way that is closer to other work on the
subject.
We will work throughout in the language of lattices as described e.g. in [12, 15] (with
the exception of Theorem 11). We fix a totally real number field F with ring of
integers o and a totally positive definite quadratic space (V,Q) over F of dimension
n ≥ 3; the quadratic form Q may be written as Q(x) = 〈x, x〉 with a scalar product
〈 , 〉 on V . By OV (F ) we denote the group of isometries of V with respect to Q
(the orthogonal group of the quadratic space (V,Q)), by OV (A) its adelization, by
SOV (F ) resp. SOV (A) their subgroups of elements of determinant 1. For a lattice
Λ on V we denote its automorphism group (or unit group) {σ ∈ OV (F ) | σ(Λ) = Λ}
by OΛ(o), similarly for the local or adelic analogues. The minimum of Λ is
µ(Λ) := min{NFQ(Q(x)) | x ∈ Λ,x 6= 0}.
For the question which lattices have large minimum it does not matter whether we
chose this definition or min{TrFQ(Q(x)) | x ∈ Λ,x 6= 0} instead, see the remark in
[7, p.139].
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Definition 1. Let F˜ denote either F or one of its completions Fw at a finite place
w of F and o˜ either o or its completion ow at the same place w, analogously we write
V˜ for V or its completion Vw at w. Let Λ be an o˜-lattice of full rank n = dimF˜ (V˜ )
on V˜ and M an o˜-lattice of rank m on a quadratic space (W˜ ′, Q′) of dimension m
over F˜ .
The lattice M is represented by Λ if there is an F˜ -linear embedding ϕ : W˜ ′ −→ V˜
with Q(ϕ(w)) = Q′(w) for all w ∈ W˜ ′ (the embedding is isometric) for which
ϕ(M) ⊆ Λ.
If M is represented by Λ through the isometric embedding ϕ we put W˜ := ϕ(W˜ ′)
and say that the representation ϕ is primitive if one has W˜ ∩ Λ = ϕ(M).
The representation ϕ of M by Λ has imprimitivity bounded by c ∈ o˜ if cv ∈ ϕ(M)
for all v ∈ W˜ ∩ Λ. In particular for c = 1 a representation with imprimitivity
bounded by 1 is the same as a primitive representation.
We say that the o-lattice M on the F -space W ′ is represented (resp. primitively
represented resp. represented with imprimitivity bounded by c ∈ o) by the o-lattice
Λ on the F -space V locally everywhere if the completion Mw is represented (resp.
primitively represented resp. represented with imprimitivity bounded by c) by the
completion Λw for all (finite or infinite) places w of F .
Remark. Two representations ϕ : M −→ Λ, ψ : M −→ Λ′ by lattices Λ,Λ′ on V
of the o-lattice M are in the same genus of representations if they are in the same
OV (AF )-orbit, i. e., if for every place w of F on has ρw ∈ OV (Fw) with ρw(Λw) =
Λ′w and ψw = ρwϕw (where ϕw, ψw are the extensions of ϕ, ψ to isometries from
Mw = owM to Λw = owΛ resp. Λ
′
w = owΛ
′). Obviously two representations in the
same representation genus have the same primitivity/imprimitivity properties.
In our setting the given local representations determine a genus of representations
of M by lattices in the genus of Λ, and all representations of M that we are going
to construct will lie in that genus of representations.
As in [5] we have an action of the adelic orthogonal group OV (A) on the set of
lattices on V , the isometry classes of lattices in the orbit of Λ under this action are
(by the Hasse-Minkowski theorem) precisely the isometry classes of lattices in the
genus gen(Λ) of Λ. The isometry classes of lattices in the orbit of the subgroup
O′V (A) of adelic transformations of determinant and spinor norm 1 (or equivalently
under the adelic version SpinV (A) of the spin group of V ) are the classes in the
spinor genus (or spin genus) spn(Λ) of Λ. As usual we write θ(ϕ) for the spinor
norm of a special orthogonal transformation ϕ.
Lemma 2. Let Λ be an o-lattice of rank n on V and M an o-lattice on W ′ of
rank m ≤ n − 3 and assume that M is represented by Λ locally everywhere with
imprimitivity bounded by the number c ∈ o.
Then M is represented (globally) with imprimitivity bounded by c by some lattice
Λ′ in the spinor genus of Λ.
Proof. The same statement without the condition on bounded imprimitivity is
proved in [13, 6], the proof here is essentially the same:
The Hasse-Minkowski theorem allows to assumeM ⊆W ′ ⊆ V and hence the set T
of places w of F for which Mw 6⊆ Λw is finite and consists only of nonarchimedean
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places. By adding the finitely many places w to T for which Mw is not primitive
in Λw we can even assume that Mw is a primitive sublattice of Λw for all w 6∈ T .
By assumption for the w ∈ T we have isometric embeddings ϕw : W ′ −→ V such
that ϕw(Mw) ⊆ Λw and c·Λw∩ϕw(W ′w) ⊆ ϕw(Mw) hold, and by Witt’s theorem we
can assume the ϕw to be elements of the orthogonal group OV (Fw); it is easy to see
that we can assume them to have determinant 1. Since the orthogonal complement
Uw of ϕw(W
′
w) in Vw has dimension ≥ 3 its special orthogonal group contains
transformations of arbitrary spinor norm, see [15]. Choosing a transformation ψw ∈
SOU (Fw) with θ(ψw) = θ(ϕw) and extending ψw to Vw by letting it act as identity
on ϕw(W
′
w) we obtain ρw = ψw ◦ ϕw ∈ SOV (Fw) with θ(ρw) = 1 and such that
ρw(Mw) ⊆ Λw and c · Λw ∩ ϕw(W ′w) ⊆ ρw(Mw) hold. The lattice Λ
′ on V defined
by Λ′w = Λw for w 6∈ T and Λ
′
w = ρ
−1
w Λw for w ∈ T is then in the spinor genus of
Λ and contains M with imprimitivity bounded by c. 
Remark.
i) The argument allows to include congruence conditions on the representa-
tion of M by Λ′: If S is a finite set of non-archimedean places of F and
representations σv : Mv −→ Λv are fixed for the v ∈ S, one can choose for
any s ∈ N the representation ρ :M −→ Λ′ in such a way that
ρ(m)− σv(m) ∈ p
sΛ′v for all v ∈ S
holds for all m ∈M . This is proved as above, adding the places of S to the
finite set T of places chosen above.
ii) If the quadratic space (V,Q) is not totally definite but indefinite at at least
one archimedean place of F , the strong approximation theorem for the
spin group [3] implies that the spinor genera of lattices on V coincide with
the isometry classes. In that case the question of global representations is
therefore completely settled by the Lemma, see [4, 13, 6], and the only case
needing further attention is the totally definite case.
For definite (V,Q) we can use (following Eichler and Kneser) the strong approxi-
mation theorem with respect to some finite place w of F for which the completion
Vw = V ⊗Fw is isotropic and extend the lattices on V to “arithmetically indefinite”
lattices over the larger ring o(w) = F ∩ Fw
∏
v 6=w ow; over this ring spinor genera
and isometry classes coincide again, and we obtain (similarly as in [7]):
Lemma 3. With notations and assumptions as in Lemma 2 let w be a finite place
of F for which the completion Vw = V ⊗ Fw is isotropic.
Then every isometry class in the spinor genus of Λ has a representative Λ˜ ⊆ V with
Λ˜v = Λv for all finite places v 6= w of F and Λ˜w ∈ SpinV (Fw)Λw.
Furthermore there is a lattice Λ′′ in the spinor genus of Λ with Λ′′v = Λv for all
finite places v 6= w of F and Λ′′w ∈ SpinV (Fw)Λw such that M is represented by Λ
′′
with imprimitivity bounded by c.
Proof. To prove the second assertion we take first a lattice Λ′ in the spinor genus
of Λ as guaranteed by Lemma 2 and may assume that M is a sublattice of Λ′
with imprimitivity bounded by c. We write Λ′ = ϕΛ with an adele ϕ = (ϕv) ∈
SpinV (AF ). The strong approximation theorem allows to write ϕ = σψ with σ ∈
SpinV (F ) and ψ = (ψv) ∈ SpinV (AF ) with ψvΛv = Λv for all finite v 6= w. Setting
Λ′′ = σ−1Λ′ = ψΛ we have Λ′′v = Λv for all finite places v 6= w of F , and Λ
′′
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contains the lattice σ−1(M), which is isometric to M , with imprimitivity bounded
by c. The same argument shows the first assertion of the Lemma. 
Remark. Again we may include congruence conditions at finitely many non-archi-
medean places v 6= w.
Lemma 4. Let w be a non-archimedean place of F and Λw be an ow-lattice of rank
n on Vw = V ⊗Fw. Let W be a set of regular subspaces of Vw, put MW :=W ∩Λw
for W ∈ W and assume that the (additive) w-adic valuation ordw(disc(MW )) of
the discriminants of the MW is bounded by some j ∈ N independent of W .
Then the set W is contained in the union of finitely many orbits under the action
of the compact open subgroup
K˜w := SpinΛw(ow) = {τ ∈ SpinV (Fw) | τ(Λw) = Λw}
of SpinV (Fw).
Proof. This is stated and proved (with SpinΛw (ow) replaced by some unspecified
compact subset of SpinV (Fw)) as Lemma 2 in [5]. We show here that it is an
immediate consequence of known facts from the local theory of quadratic forms:
The boundedness condition on ordw(disc(MW )) leaves only finitely many possi-
bilities for the Jordan decomposition of MW and hence for the isometry class of
MW . It is well known (see Satz 30.2 of [14], the proof given there for lattices over
Z applies for ow-lattices as well) that for a given M there are only finitely many
OΛw (ow)-orbits of representations of M by Λw, in other words, only finitely many
orbits of sublattices of Λw which are isometric toM . Obviously, each of these orbits
breaks up into finitely many orbits under the action of SpinΛw(ow). 
Proposition 5. Let V/F be as before and denote as before by K˜v the compact open
subgroup SpinΛv (ov) = {τ ∈ SpinV (Fv) | τ(Λv) = Λv} for each finite place v of F .
Let w be a fixed finite place of F and Tw a regular isotropic subspace of Vw = V ⊗Fw
with dim(Tw) ≥ 3. Let Gw = SpinV (Fw), Hw = SpinTw(Fw) and
Γ := SpinV (F ) ∩ SpinV (Fw)
∏
v 6=w
K˜v.
Let a sequence (Wi)i∈N of subspaces Wi of V (over the global field F ) be given such
that (Wi)
⊥
w = ξiTw for each i with elements ξi from a fixed compact subset of Gw.
Then one has: If no infinite subsequence of the Wi has a nonzero intersection, the
sets Γ\ΓξiHw are becoming dense in Γ\Gw as i → ∞, i. e., for every open subset
U of Gw one has U ∩ ΓξiHw 6= ∅ for sufficiently large i.
Proof. This is stated as Claim in 2.5 (p. 269) of [5], it is proven there using results
of Ratner and Margulis/Tomanov from ergodic theory. 
Proposition 6. Let V/F,Q be as before and Λ a lattice of full rank n on V , let w
be a fixed finite place of F .
Let a sequence (Wi)i∈N of regular subspaces Wi of V (over the global field F ) of
dimension m ≤ dim(V )− 3 be given with the property that no infinite subsequence
of the Wi has a nonzero intersection and such that the orthogonal complement of
(Wi)w in Vw is isotropic.
Assume moreover that the w-adic additive valuations ordw(disc((Wi)w ∩ Λw)) re-
main bounded by some fixed integer j as i varies.
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Then M˜i = Wi ∩ Λ is represented primitively by all lattices in the spinor genus
spn(Λ) for sufficiently large i.
Proof. This is stated and proven in [5] as Proposition 2 with j = 1. The proof
doesn’t change for arbitrary j; for the reader’s convenience we go through it and
reformulate it slightly.
As before we put K˜v = SpinΛv (ov) for all finite places v of F and
Γ := SpinV (F ) ∩ SpinV (Fw)
∏
v 6=w
K˜w.
By Lemma 4 the (M˜i)w (and hence the (Wi)w) fall into finitely many orbits under
the action of the compact open group K˜w, by treating the orbits separately we may
therefore assume that they all belong to the same orbit, i.e., with Tw = (W1)
⊥
w we
have (Wi)
⊥
w = ξiTw with ξi ∈ K˜w for all i.
Given an arbitrary isometry class in the spinor genus of Λ we use Lemma 3 to
obtain a representative Λ˜ ⊆ V of that isometry class with Λ˜v = Λv for all finite
places v 6= w of F and Λ˜w = gwΛw for some gw ∈ Gw.
By Proposition 5 for every open set U ⊆ Gw there is an i0 such that we have
U ∩ ΓξiHw 6= ∅ for i ≥ i0.
Taking
U = gwK˜w ⊆ Gw
we obtain i0 such that for all i ≥ i0 one has elements γi ∈ Γ, ηi ∈ Hw, κi ∈ K˜w
with gwκi = γiξiηi. The lattice Λ
′
i := γ
−1
i Λ˜ is then in the isometry class of Λ˜; it
satisfies (Λ′i)v = Λv for all finite v 6= w and
(Λ′i)w = γ
−1
i gwΛw = ξiηiΛw = ξiηiξ
−1
i Λw.
From this and ξiηiξ
−1
i |(Wi)w = Id(Wi)w we see M˜i = Wi ∩ Λ
′
i, i.e., we have the
requested primitive representation by a lattice in the given isometry class. 
Proposition 7. Let (V,Q),Λ be as before, let (Mi)i∈N be a sequence of o-lattices
of rank m ≤ n − 3 and assume that with some fixed c ∈ o, j ∈ N and some fixed
finite place w of F one has
i) Mi is represented locally everywhere by Λ with imprimitivity bounded by c
and with isotropic orthogonal complement at the place w for all i.
ii) ordw(disc((Mi)w)) ≤ j for all i.
iii) The sequence (µ(Mi))i∈N of the minima of the Mi tends to infinity.
Then there is an i0 ∈ N such that Mi is represented (with imprimitivity bounded
by c) by all isometry classes in the genus of Λ for all i ≥ i0.
Proof. By Lemma 2 we may concentrate on lattices in the spinor genus of Λ and
assume that all Mi are represented by Λ with imprimitivity bounded by c; we
may also replace the Mi by their images under these representations and assume
Mi ⊆ Λ. We denote by Wi the F -space generated by Mi and assume that there is
an infinite subsequence of the Wi with nonzero intersection.
If x 6= 0 is a vector in this intersection we may assume (replacing it by a suitable
multiple) x ∈ Λ and hence x ∈Wi∩Λ for infinitely many i. But then the condition
of bounded imprimitivity of the representations of the Mi implies cx ∈ Mi for
infinitely many i, i.e., we have a vector of length NFQ(c
2Q(x)) in infinitely many of
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the Mi, which contradicts the assumption iii) that the minima of the Mi tend to
infinity.
We have shown that no infinite subsequence of the Wi has a nonzero intersection,
so by Proposition 6 there is an i0 such that Wi ∩ Λ is represented primitively by
all lattices in the spinor genus of Λ for all i ≥ i0, which implies the assertion about
the Mi. 
Theorem 8. Let (V,Q),Λ be as before, fix a finite place w of F and j ∈ N, c ∈ o.
Then there exists a constant C := C(Λ, j, w, c) such that Λ represents all o - lattices
M of rank m ≤ n− 3 satisfying
i) M is represented by Λ locally everywhere with imprimitivity bounded by c
and with isotropic orthogonal complement at the place w.
ii) ordw(disc(Mw)) ≤ j
iii) The minimum of M is ≥ C.
The representation may be taken to be of imprimitivity bounded by c.
The isotropy condition is satisfied automatically if m ≤ n − 5 or if w is such that
disc(Λw) and disc(Mw) are units at w.
Proof. If the assertion were wrong we could take a sequence of latticesMi of rankm
satisfying i) and ii) above and in addition µ(Mi) ≥ i such that no Mi is represented
by all classes in the genus of Λ. This would contradict the previous proposition.
The final remark about the isotropy condition follows easily from known facts about
quadratic spaces over non-archimedean local fields. 
Remark.
i) All arguments used above remain valid if one imposes additional congruence
conditions at finite places outside the fixed place w on the representations,
starting out from the versions with congruence conditions of Lemma 2 and
Lemma 3 as indicated in the remarks after these Lemmata and incorporat-
ing the congruence conditions into the choice of the compact open groups
K˜v for the v 6= w.
ii) The Theorem without the condition on ordw(disc(M)) and without the
condition on bounded imprimitivity has been proven in [7] by a different
method for n ≥ 2m+ 3.
We note that for n ≥ 2m+ 3 it is an easy consequence of the local theory
of lattices that there is a c ∈ o such that a lattice of rank M which is
represented locally everywhere by Λ is in fact represented locally everywhere
by Λ with imprimitivity bounded by c (see e. g. [8, Theorem 2]), so that
(without using [7]) we can omit the condition of bounded imprimitivity of
the local representations if n ≥ 2m+ 3 holds. More generally the same is
true if the Witt index of V is at least m.
iii) From the point of view of the analytic theory the condition of bounded im-
primitivity for the local representations is natural: If one splits the number
of representations of r(Λ,M) of M by Λ into the sum of a main term given
by Siegel’s weighted average r(gen(Λ),M) and an error term, a calculation
of the local densities shows that the main term grows only slowly (or not
at all) if M varies in a sequence of lattices represented locally only with
growing imprimitivity, see for example [12, Theorem 5.6.5 c)].
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The usual method of showing that the main term grows faster in absolute
value than the error term so that the sum must eventually become positive
can therefore not work if one considers such a sequence, and it even appears
plausible that the small average number of representations may be due to
the fact that not all isometry classes do represent the lattices considered.
iv) For applications it would sometimes be desirable to have a different condi-
tion than growing minimum of the lattices to be represented, e. g. growing
discriminant plus representability of all successive minima. It appears that
at least the present method is not able to give such a result: If we consider
an infinite sequence of lattices Mi ⊆ Λ whose minimum is bounded, there
must be infinite subsequences having a nonzero intersection, since there are
only finitely many vectors of given length in Λ. Propositions 5 and 6 can
therefore not be applied to such a situation. One can however easily adapt
the method to the case of extensions of representations of some fixed lattice
as treated in [1, 2], see Corollary 9 below.
v) At least presently there seems to be no way to obtain an effective bound
on the constant C of the Theorem. The result is therefore probably more
useful in the form of Proposition 7. We note that for n ≥ 2m + 3 the
method of [7] does at least in principle allow to find an effective bound.
Corollary 9. Let (V,Q),Λ be as before, fix a finite place w of F and j ∈ N, c ∈ o.
Let R ⊆ Λ be a fixed o-lattice of rank r, σ : R −→ Λ a representation of R by Λ
and assume that Rw is unimodular.
Then there exists a constant C := C(Λ, R, j, w, c) such that one has: If M ⊇ R is
an o-lattice of rank m ≤ n− 3 and
i) For each place v of F there is a representation τv : Mv −→ Λv with
τv|Rv = σv with imprimitivity bounded by c and with isotropic orthogonal
complement in Λ at the place w
ii) ordw(disc(Mw)) ≤ j
iii) The minimum of M ∩ (FR)⊥ is ≥ C,
then there exists a representation τ :M −→ Λ with τ |R = σ.
The representation may be taken to be of imprimitivity bounded by c.
The isotropy condition is satisfied automatically if m ≤ n − 5 or if w is such that
disc(Λw) and disc(Mw) are units at w.
Proof. This is proven in the same way as Theorem IV’ in [1, p.95] and Theorem
2.1 in [2], namely by constructing a representation ρ ofM ∩ (FR)⊥ into Λ∩ (FR)⊥
satisfying suitable congruence conditions at the primes dividing the discriminant
of one of Λ, R and pasting it together with the given σ, the congruence conditions
being chosen so that ρ ⊥ σ actually maps M into Λ. Notice for this that the
condition of bounded imprimitivity implies that the index of M ∩ (FR)⊥ in the
orthogonal projection pi(M) of M onto (FR)⊥ is bounded independently of M (for
an integral primitive sublattice this index is bounded by the index of R in its dual
lattice R#). Notice (for comparison with Theorem 2.1 of [2]) that the boundedness
of this index also implies that the quotient of the minimum of M ∩ (FR)⊥ and
the minimum of pi(M) is bounded by some constant independent of M so that is
relevant only for the size of the constant C which of these minima one considers. 
Results of Kitaoka allow to lift the condition on bounded imprimitivity in some
cases with n < 2m+ 3 too:
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Corollary 10. Let F = Q, let (V,Q),Λ be as before and fix a prime q and j ∈ N.
i) Let m ≥ 6 and n = dim(V ) ≥ 2m. Then there exists a constant C :=
C(Λ, j, q) such that Λ represents all Z - lattices M of rank m which are rep-
resented by Λ locally everywhere, have minimum ≥ C and satisfy ordq(disc(M)) ≤
j.
ii) Let m ≥ 3 and n = dim(V ) ≥ 2m+ 1. Then there exists a constant C :=
C(Λ, j, q) such that Λ represents all Z - lattices M of rank m which are rep-
resented by Λ locally everywhere, have minimum ≥ C, satisfy ordq(disc(M)) ≤ j
and which are in the case m = 3 such that the orthogonal complement of
Mq in Λq is isotropic.
iii) Let m = 2 and n = dim(V ) ≥ 6. Then there exists a constant C :=
C(Λ, j, q) such that Λ represents all Z - lattices M of rank m which are rep-
resented by Λ locally everywhere, have minimum ≥ C, satisfy ordq(disc(M)) ≤
j and which are such that the orthogonal complement ofMq in Λq is isotropic.
iv) Let a positive definite Z-lattice M0 of rank m ≤ n − 3 with Gram matrix
T0 be given. Let S be a finite set of primes with q ∈ S such that one has
(a) Λp and Mp are unimodular for all primes p 6∈ S and for p = q.
(b) Each isometry class in the genus of Λ has a representative Λ′ on V
such that Λ′p = Λp for all primes p 6∈ S.
Then there exists a constant C := C(Λ, T0, S) such that for all sufficiently
large integers a ∈ Z which are not divisible by a prime in S, the Z-lattice
M with Gram matrix aT0 is represented by Λ if it is represented by all
completions Λp.
Proof. We notice first that the conditions in the various cases imply that the or-
thogonal complement of Mq in Λq is isotropic.
In the articles [8, 9, 10, 11] Kitaoka proved that the following condition Rm,n is
satisfied for the values m,n given in the assertions (with M restricted to scalings
of a fixed M0 as described above in case iv)):
(Rm,n): For any C1 > 0 there exists a C2 > 0 such that the fol-
lowing is true: If M is represented locally everywhere by Λ and
satisfies µ(M) ≥ C2, there exists a lattice M ′ ⊇M of rank m with
minimum µ(M ′) ≥ C1 which is represented by Λ locally everywhere
primitively.
Since for C1 large enough the Theorem asserts that M
′ is represented globally
primitively by Λ, we obtain the representation of M by Λ if C in the Corollary is
≥ C2. 
For the convenience of more matrix oriented readers we conclude by giving a matrix
version (not in “geometrischer Einkleidung”, see [16]) of the main result in the case
F = Q:
Theorem 11. Let S ∈ M symn (Z) be a positive definite integral symmetric n × n-
matrix, fix a prime q and positive integers j, c.
Then there is a constant C such that a positive definite matrix T ∈ M symm (Z) with
m ≤ n − 3 is represented by S (i.e., T = tXSX with X ∈ M symnm (Z)) provided it
satisfies:
i) For each prime p there exists a matrix Xp ∈ Mnm(Zp) with tXpSXp = T
such that the elementary divisors of X divide c and such that the equations
tXqSy = 0 and
tySy = 0 have a nontrivial common solution y ∈ Znq
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ii) qj ∤ det(T )
iii) min{tyTy | 0 6= y ∈ Zm} > C
The matrix X may be chosen to have elementary divisors dividing c.
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